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Abstract 

Given a pair of (real or complex) Lie algebroid structures on a vector bundle 
A (over M) and its dual A*, and a line bundle £f such that ££ = (A top A* <g> 
£^ • A top T*M), there exist two canonically defined differential operators <f» and d 

| on r(AA ® ,£?). We prove that the pair (A, A*) constitutes a Lie bialgebroid 

if, and only if, the square of D = + d is the multiplication by a function on 
M. As a consequence, we obtain that the pair (A, A*) is a Lie bialgebroid if, 
and only if, D is a Dirac generating operator as defined by Alekseev & Xu [T]. 
Our approach is to establish a list of new identities relating the Lie algebroid 
CO ■ structures on A and A* (Theorem [ 
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1 Introduction 



A Lie bialgebroid, as introduced by Mackenzie & Xu, is a pair of Lie algebroids 
(^4,^4*) satisfying some compatibility condition [16^130) . They appear naturally in 
many places in Poisson geometry. In [32], Roytenberg proved that the Lie bialgebroid 
compatibility condition is equivalent to the equation {H, H} = 0, where H is a 
certain Hamitonian function on the super-symplectic manifold T*A[1]. The main 
purpose of this paper is to prove a quantum analogue of this condition. 

More precisely consider a pair of (real or complex) Lie algebroid structures on a 

vector bundle A and its dual A*. Assume that the line bundle (real or complex) 

l 

JSf = (A top A* ® A top T*M)2 exists. Then «Sf is a module over A*, as discovered by 
Evens, Lu & Weinstein |10j . and the Lie algebroid structures of A* and A induce 
two natural differential operators cZ* : T(A k A <g> J£ ) -> T(A k+1 A <g> jSf) and 9 : 
r(A fe A <g> jSf) T(A fc " 1 yl (g) S£) (see Equations © to (USD). Let Z) be the sum 
d* + 9. 

Our main theorem can be summarized as follows: 

Theorem 1.1. The pair (^4,^4*) is a Lie bialgebroid over M if, and only if, the 
operator D 2 is the multiplication by a function f € C°°(M). 

Since the problem is local in nature, we may assume the existence of a volume 
form s on M and a pair of nowhere vanishing top degree forms O € r(A <op ^4*) and 
V € T(A top A) dual to each other. Hence one can consider the modular cocycles £o 
and Xq associated to the Lie algebroids A and A* respectively [TO] . 

A simple computation shows that, for all u € T(A^4), 

D 2 u = (\{L Xo + L i0 ) - A)n + ±(±(£ , X ) - dX )u, 

where d is the BV-operator of the Lie algebroid A [36] fi-dual to the Lie algebroid 
differential d (see (|22p ) and A is the "Laplacian" d*d + dd*. Therefore, the problem 
reduces to prove the following 

Theorem 1.2. For a pair of Lie algebroids (A, A*), A = \{Lx + L^ Q ) if, and only 
if, (A, A*) is a Lie bialgebroid. 

Note that the Laplacian A has already appeared in a variety of contexts. For 
example, the Laplacian of the Lie bialgebroid TM© (T*M) n associated to a Poisson 
manifold (M, 7r) was fruitfully exploited by Evens &: Lu to compute the cohomology 
of flag varieties [9]. 

Part of the motivation behind this work is to better understand the Dirac generating 
operators of the Courant algebroids associated to Manin triples. 

Courant algebroids were introduced in [27] as a way to merge the concept of Lie 
bialgebra and the bracket on X(M) © J1 1 (M) — here M is a smooth manifold - 
first discovered by Courant [7]. Roytenberg gave an equivalent definition phrased 
in terms of the Dorfman bracket [32], which highlighted the relation of Courant 
algebroids to Loo-algebras as was observed by Roytenberg & Weinstein [34]. 

Kosmann-Schwarzbach's derived brackets [15] provide another way of thinking of 
Courant algebroids. Roytenberg translated them in symplectic supermanifold lan- 
guage to study Courant algebroids [32U33] . They also motivated the following con- 
struction pp. 
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Let E — ¥ M be a vector bundle endowed with a non degenerate pseudo-metric 
(•, •) on its fibers, and let C{E) — > M be the associated bundle of Clifford algebras. 
Assume there exists a bundle of Clifford modules S — > M, i.e. a vector bundle 
whose fiber is the Clifford module of the fiber of C(E). The natural Z2-grading 
of T(C(E)) induces a Z2-grading on the operators on S. The multiplication by a 
function / G C°°(M) is an even operator while the Clifford action of a section 
e G T(E) is odd. A Dirac generating operator, according to Alekseev <fe Xu [1], is an 
odd operator D on T(S) satisfying the following properties: 

• For all / G C°°(M), the operator [D,f] is the Clifford action of some section 
ofE. 

• For all ei,e2 G r(_Z?), the operator [[£), ei],e2] is the Clifford action of some 
section of E. 

• The square of D is the multiplication by some function on M. 

If D is a generating operator, then the derived bracket e± o e2 = [[D, ei], e2] on 
- here [•, •] stands for the graded commutator on the space of graded operators on 
T(S) — together with the bundle map p : E — > TM given by p(e)f = 2([D,f],e) 
endow (E, (•, •)) with a Courant algebroid structure. 

In p], Alekseev & Xu have proposed a construction of Dirac generating operators 
valid for arbitrary Courant algebroids using Courant algebroid connections. When 
E = A © A*, Kosmann-Schwarzbach considered the so called deriving operators, 
which generate the Courant algebroid in the above sense, without requiring that 
the square of D be the multiplication by some function [19]. In particular, for a 
Lie bialgebroid, she proved by a direct argument that D = d* + d (in a slightly 
different form) is a deriving operator. Combining Kosmann-Schwarzbach's result 
with Theorem II .1] we immediately obtain the following 

Theorem 1.3. Given a pair of Lie algebroids (A, A*), it is a Lie bialgebroid if, and 
only if, the operator D = d* + d is a Dirac generating operator for the vector bundle 
A © A* with the inner product ([Tj) . 

Although the sufficient condition is just the particularization of Alekseev &; Xu's 
result to the case of Lie bialgebroids, the necessary condition is new. Our starting 
point is completely different from that in pp. Alekseev & Xu proved the local 
existence of Dirac generating operators for general Courant algebroids. By applying 
it to the case of Manin triples of Lie bialgebroids, they proved the sufficient condition 
in Theorem 11.31 Then they derived that D 2 is a function as a consequence. On the 
other hand, our approach is, in a certain sense, to take the opposite route. We 
prove Theorem II. II by reducing it to Theorem 11.21 which can be verified by a direct 
argument. Then Theorem 11.31 follows immediately. Indeed the heart of our approach 
consists in establishing a list of new identities (see Theorem 13. 4p . which we believe 
deserve attention in their own right. 

Note that the derived brackets of the Courant algebroid TM © T*M have played 
an important role in the rapid development of the generalized complex geometry of 
Hitchin and Gualtieri [131114]. where many remarkable results have been established. 
We hope our result will be of some use in this subject. 

The paper is organized as follows. 
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Section 1 gives a succinct account of standard facts about Courant algebroids, Lie 
bialgebroids and Dirac generating operators, whose purpose is to fix the notations. 

The differential operator D is defined in Section 2 and the main theorems are then 
stated without proofs. 

Section 3 establishes a list of important identities valid in any pair of Lie algebroids 
(A, A*), which are subsequently used in Section 4 to prove the statements of Section 
2. 

Our results are then particularized to a few concrete situations in Section 5. Namely, 
we discuss the cases of exact Lie bialgebroids, Poisson Nijenhuis Lie algebroids and 
finally a + b Lie bialgebras. 

Acknowledgments The present work was completed while Zhuo Chen was visit- 
ing the mathematics department at Penn State with support from its Shapiro fund. 
Mathieu Stienon is grateful to Peking University for its hospitality. The authors 
thank Yvette Kosmannn-Schwarzbach, Jim Stasheff, and Ping Xu for useful discus- 
sions and comments. 

2 Preliminaries 

2.1 Lie bialgebroids and Courant algebroids 

A Lie algebroid consists of a vector bundle A — > M, a bundle map a : A — >• TM 
called anchor and a Lie algebra bracket [•, ■] on the space of sections T(A) such that 
a induces a Lie algebra homomorphism from T(A) to X(M) and the Leibniz rule 

[XJY] = {a(X)f)Y + f[X,Y] 

is satisfied for all / G C°°(M) and X,Y G T(A). 

It is well-known [36] that a Lie algebroid (A, [•,•], a) gives rise to a Gerstenhaber 
algebra (r(A*A), A, [-, •]), and a degree 1 derivation d of the graded commutative 
algebra (r(A*A*),A) such that d 2 = 0. Here the (Lie algebroid) differential d is 
given by 

n 

N(X 0) Xi,-- ,X n ) = ^(-l) i a(X i )a(X Q , - ■ ■ ,X n ) 

+ *;].*(>,■■■ X,--- ,Xj,--- ,x n ). 

i<j 

To each X £ T(A) is associated a degree -1 derivation lx of the graded commutative 
algebra (T(A'A*), A), given by 

(t xa )(X u --- ,X n ) = a{X,X u --- ,X n ). 

The Lie derivative Lx in the direction of a section X G T(A) is a degree derivation 
of the graded commutative algebra (r(A*A*), A) defined by the relation Lx = ixd + 
dtx- The same symbol Lx is also used to denote the derivation of the Gerstenhaber 
algebra (r(AM), A, [•, ■]) induced by the Lie algebroid bracket: LxY = [X, Y] for 
any X,Y G T(A). 
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A Courant algebroid consists of a vector bundle tt : E — > M, a non degenerate 
pseudo-metric (•, •) on the fibers of tt, a bundle map p : E — > TM called anchor and 
a IR-bilinear operation o on T(E) called Dorfman bracket, which, for all / £ C°°(M) 
and x,y,z G r(i?) satisfy the relations 



X o (y o 2) = (x o y) o 2 + y o (x o z); (1) 

p(xoy) = [p{x),p(y)\; (2) 

x o fy = (p(x)f)y + f{x oy); (3) 

x o y + y o x = 2V(x,y); (4) 

Vfox = 0; (5) 

p{x)(y,z) = (xoy, z ) + (y,xo z), (6) 



where £> : C°°(M) -> r(£) is the M-linear map defined by (X>/,x) = \p{x)f. 

The symmetric part of the Dorfman bracket is given by ([!]) . The Courant bracket is 
defined as the skew-symmetric part \x,y\ = \{x o y — y o x) of the Dorfman bracket. 
Thus we have the relation x o y = [x,y\ + V(x,y). 

The definition of a Courant algebroid can be rephrased using the Courant bracket 
instead of the Dorfman bracket [32J. 

A Dirac structure is a smooth subbundle A — ► M of the Courant algebroid E, which 
is maximal isotropic with respect to the pseudo-metric and whose space of sections is 
closed under (necessarily both) brackets. Thus a Dirac structure inherits a canonical 
Lie algebroid structure. 

Let A — > M be a vector bundle. Assume that A and its dual A* both carry a Lie 
algebroid structure with anchor maps a : A — > TM and a* : A* — > TM, brackets on 
sections r( J 4)® M r(,4) -» T(A) : u®v ^ [u,v] and T(A*)<S> R T(A*) -> r(A*) : 6»®?? ^ 
[0,r?]*, and differentials d : T(AM*) -» r(A ,+1 A*) and d* : T(AM) -» r(A ,+1 A). 

This pair of Lie algebroids (A, A*) is a Lie bialgebroid (or Manin triple) [T6 ][29l[30] 
if dif is a derivation of the Gerstenhaber algebra (T(A'A), A, [•, •]) or, equivalently, if 
d is a derivation of the Gerstenhaber algebra (F(/\'A*), A, [•, ■]*). Since the bracket 
[•, •]* (resp. [•, •]) can be recovered from the derivation <i* (resp. d), one is led to the 
following alternative definition. A Lie bialgebroid is a pair (A,d*) consisting of a 
Lie algebroid (A, [■,■], a) and a degree 1 derivation of the Gerstenhaber algebra 
(T(A'A), A, [-, •]) such that dl = 0. 

The link between Courant and Lie bialgebroids is given by the following 

Theorem 2.1 (|27|). There is a 1-1 correspondence between Lie bialgebroids and 
pairs of transversal Dirac structures in a Courant algebroid. 

More precisely, let A — > M be a vector bundle such that A and its dual A* both 
carry a Lie algebroid structure with anchor maps a : A — > TM and a* : A* — > 
TM, brackets on sections T(A) ® K T(A) -> r(A) : u ® f i-> and T(^4*) <8> M 

r(,4*) -» T(,4*) : ® 7] ^ [0,7?]*, and differentials d : T(AM*) -» r(A ,+1 ,4*) and 
: r(A'A) r(A ,+1 yl). If the pair (A^*) is a Lie bialgebroid, then the vector 
bundle A © A* — > M together with the pseudo-metric 

(X x + £1, X 2 + 6) = |(6(^2) + 6(A0) , (7) 
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the anchor map p = a + a* (whose dual is given by Vf = df + d*/ for / G C°°(M)) 
and the Dorfman bracket 

(Xx + a) o (X 2 + 6) = ( [x ± , X 2 ] + L & X 2 - i, & (^Xx )) + ([& , 6] * + ^ 6 - ix 2 (d& )) 

(8) 

is a Courant algebroid of which A and j4* are transverse Dirac structures. It is called 
the double of the Lie bialgebroid (A, A*). Here X±,X 2 denote arbitrary sections of 
A and ^1,^2 arbitrary sections of A*. 

2.2 Dirac generating operators 

Let V be a vector space of dimension n endowed with a non degenerate symmetric 
bilinear form (•,•). Its Clifford algebra C(V) is defined as the quotient of the tensor 
algebra (B^ =0 V^ n by the relations x®y+y®x = 2(x, y) (x, y G V). It is naturally an 
associative ^-graded algebra. Up to isomorphism, there exists a unique irreducible 
module S of C(V) called spin representation [5]. The vectors of S are called spinors. 

Example 2.2. Let W be a vector space of dimension r. We can endow V = W@W* 
with the non degenerate pairing 

(Wl + U 1 ,W 2 +i0 2 ) = \{uJ X (w 2 ) +W2O1)), 

where w±, w 2 € W and uji,uj 2 G W*. The representation of C(V) on S = ©£ =0 A fc W 
defined by u ■ w = u Aw and £ • w = l^w, where u G W, £ G W* and w G 5, is the 
spin representation. Note that S is Z- and thus also 7L 2 -graded. 

Now let 7r : E — > M be a vector bundle endowed with a non degenerate pseudo- 
metric (•, •) on its fibers and let C(E) — > M be the associated bundle of Clifford 
algebras. Assume there exists a smooth vector bundle S — > M whose fiber S m 
over a point m G M is the spin module of the Clifford algebra C(E) m . Assume 
furthermore that S is Z^-graded: S = S° © S 1 . 

An operator O on T(S) is called even (or of degree 0) if 0(S l ) C S l and odd (or of 
degree 1) if 0(5*) C S m . Here i G Z 2 . 

Example 2.3. If the vector bundle E decomposes as the direct sum A © A* of two 
transverse Lagrangian subbundles as in Example \2.2\ then S = AA. The multiplica- 
tion by a function f G C°°{M) is an even operator on T(S) while the Clifford action 
of a section e G T(E) is an odd operator on T(S). 

If 0\ and 2 are operators of degree d\ and d 2 respectively, then their commutator 
is the operator [O u 2 ] =O x °0 2 - (-l) dld2 2 o O x . 

Definition 2.4 ([!]). A Dirac generating operator for (E,{ , )) is an odd operator 
D on T(S) satisfying the following properties: 

(a) For all f G C°°(M), [D, f] G F(E). This means that the operator [D, f) is the 
Clifford action of some section of E. 

(b) For all ei,e 2 G T(E), [[D, e±], e 2 ] G T(E). 

(c) The square of D is the multiplication by some function on M: that is D 2 G 
C°°(M). 
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The "deriving operators" of [19] are a related more general notion. 
We have the following useful properties: 

[[D,D],e] = 0, 

[D,[ ei ,e 2 ]} = [[D,e 1 ],e 2 ]-[e 1 ,[D,e 2 ]], 
[[D,f],e] = [[D,e],f], 

for all / G C°°{M) and e,e 1 ,e 2 G T(E). 

Theorem 2.5 ([I]). Let D be a Dirac generating operator for a vector bundle tt : 
E — > M. Then there is a canonical Courant algebroid structure on E. The anchor 
p : E —> TM is defined by p(e)f = 2([D,f],e) = [[D,f],e], while the Dorfman 
bracket reads e\ o e 2 = [[D, e±], e 2 ]. 

3 Statement of the main theorem 

We follow the same setup as in pp. 

Let (A, [■, -],a) and (A*, [•, -]*,a*) be a pair of Lie algebroid structures on a rank-n 
vector bundle A over a dimension-m manifold M and its dual A*. The line bundle 
A n A* <g> A m T*M is a module over the Lie algebroid A* |10]: a section a G T(A*) 
acts on T(A n A* ® A m T*M) by 

a-(«i A - • -Aa n ®/i) = (ai A - ■ - A [a, a;]* A - • -Act! n <g)/i) +«i A - • • Aa n ®L at ^p. (9) 

8=1 

1 

If it exists, the square root JSf = (A n A* ® A m T*M)2 of this line bundle is also a 
module over A*. One can thus define a differential operator 

<L ■ T(A k A®^) -» r(A fc+1 A®^). (10) 

Similarly, (A"vl ® A m T*M)2 is — provided it exists — a module over A Hence we 
obtain a differential operator 

T{A k A* ® {A n A ® A m T*M)^) -> T(A fc+1 A (g) (A n A A m T*M)5). (11) 

But the isomorphisms of vector bundles 

A k A* A fe A ® A n " fc A ® A n " fc A 9* A n " fc A ® A n A (12) 

and 

A n A* ® (AM ® A m T*M)^ (A n A* ® A m T*M)I (13) 

imply that 

A fc A (8) (AM ® A m T*M)^ A n ~ fc A ® AM* ® (AM A m T*M)^ 

A n ~ fc A® (AM* ® A m T*M)i (14) 
Therefore, one ends up with a differential operator 

d:T{A k A®^)^T{A k - 1 A®^). (15) 

Our main results are the following theorem and its corollary. 
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Theorem 3.1. The pair of Lie algebroids (A, A*) is a Lie bialgebroid if, and only if, 
D 2 G C°°(M), i.e. the square of the operator D = d* + d: T{AA®^) -> T(AA®^) 
is the multiplication by some function f G C°°(M). Moreover D 2 = f, where 
-D* = d + d* is defined analogously to D by exchanging the roles of A and A*. 

Corollary 3.2. The pair of Lie algebroids (A, A*) is a Lie bialgebroid if, and only 
if D = d* + d is a Dirac generating operator for the bundle A © A* endowed with 
the pseudo-metric 



(x 1 + 6,*2 + 6> = ! (6(^2) + 6(^1)) , 

where X X ,X 2 G T(A) and G T(A*). 



Assume there exists a volume form s G T(f\ m T*M) and a nowhere vanishing section 
n G T(A n A*) so that Jz? is the trivial line bundle over M. And let V G T(A n A) be 
the section dual to £1: (Q\V) = 1. These induce two bundle isomorphisms: 

^ : A k A -» A n ~ k A* : X ^ L X n, (16) 
V t : /\ k A* -» A n ~ k A : £ ^ i^V, (17) 

which are essentially inverse to each other: 



(F fl o = (-l) k( - n -^X, VX G A fc ^; 

(OSoytt)^) = (-l)^- 1 )^, V93 G A fc A*. 

Consider the operator (9 dual to d with respect to fi": 



r(A fe A*) ^ - rv A n-fc 



~(-i) fc d 

rfA fe+1 A*) 



r(A n ~M) 
r(A"- fe - 1 A) 



or 



-y»da = (-\) k dV*a, Va G T(A fc ^*) 
which, due to (fTKj) and (fT9|) . can be rewritten as 

S$d0 = (-i) l dn*p, V/3 G T(aU). 
We also have the operator <9* dual to d*: 

r ( A n-fc A ) ^ r(A fc ^*) 

(-i) fe rf» 



or 



r( A "- fe + 1 A) r(A fe ~M*), 



d + y«a = (-l) h V*d*a, Va G T(A fc yl*). 



(18) 
(19) 



(20) 



(21) 
(22) 
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The operator d is a Batalin-Vilkovisky operator for the Lie algebroid A |17 p 25 t l3"T j l36j: 
indeed one has d 2 = and, for any u G T(A k A) and v G T(A l A), 

[u, v] = (-l) fc (8(u A v) - (du) A v - {-l) k u A (dv)) . (23) 

Using (|23|) . one can also prove that 

= [du,v] + (-l) k+1 [u,dv\. 

Similar relations hold for S*. 

Consider the pair of operators D = d* + d on T(Aj4) and = d + 9* on r(Aj4*). 
Their squares yield the pair of Laplacian operators 

A = D 2 = d*d + 54 : r(A fc A) r(A fe A), (24) 
A* = Dl = dd* + 8*d : T{A k A*)^T{A k A*). (25) 

There exists a unique Xo G T(A) such that 

L fl (f2®a) = (L fl n)®a + n®(L a . w s) = (Jr |e)S2®a, V# G r(A*). (26) 
Similarly, there exists a unique £o £ T(j4*) such that 

i tt (s«v) = {L a{u)S )®v + s®(l u v) = (&l«>«®v, v«er(4 (27) 

These sections Xo and £o are called modular cocycles and their cohomology classes 
are called modular classes [TO] , 

A simple computation yields that 

d*(a <g> I) = (d*a + \Xq A a)® I 

and 

d(a <S> I) = (—da + %i£ a) <S> I, 
for all a G T(AA) and / G r(jSf). Hence 

D = d*+d = d*-d + \{X Q A 

Proposition 3.3. Let (A, A*) be a Lie bialgebroid. Then the function f = D 2 = D 2 
is determined by any of the following two equalities. 

(a) L Xo (n®s) = 4/(n®fl). 

(b) L €o (a®^)=4/(a®V0. 

The proof of Theorem 13.11 is based on the following theorem. 

Theorem 3.4. Let A — > M &e a vector bundle such that A and A* are each endowed 
with a Lie algebroid structure. The following six assertions are equivalent: 

(a) d*[u,v] = [d*u,v] + d*u], Vu G T(aM), G r(AU). 

(b) d[fl,7/], = [tW,7/], + (-l)*- 1 [0,d»7]*, V# G r(A fc #),Vi} G T(aU*). 

(c) A(u A v) = Au A v + u A Av, Vu, v G T(AA). 
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(d) A*(0 A 77) = A*6 An + 9 A A*n, V#, rj G T(AA*). 

(e) A = i(L Xo + L 5o ) : T(AA) - r(AA). 

(f) A, = I(L Xo +^ ):r(AA*)^r(A^). 

and i/zey imply the following six equivalent assertions: 

(g) A*(%) = <A*%) + <0|Au), Vn G r(A), € r(A*). 

(h) A(0|tt) = (A*0|u) + (9\Au), Vu G r(A), 8 G r(A*). 

(i) For a// u G r(A) and 9 G r(A*), toe map L uo8 - [L u , Lg] : T(A*) -> r(A*) is 
C°°(M) -linear and its trace is tr (L uo g — [L u ,Lgf) = 2{d*u\d6). 

(j) For a// G T(A*) and u G r(A), the map Lg ou - [Lg, L u ] : T(A) -» r(A) is 
C°°(M)-linear and its trace is tr (Z/0 OU — [Lg,L u ]) = 2(d0|d*ti). 

(k) A/ = l(L Xo + If )/ ana 1 Au = ±(F Xo + /or a// / G C°°(M) and 

u G r(A). 

(1) A,/ = \{L Xo + L & )/ and A*0 = \(L Xo + L^)9, for all f G C°°(M) and 

G r(A*). 

Here are a few consequences of Theorem 13.41 

Corollary 3.5. If the pair (A, A*) is a Lie bialgebroid, we have the following rela- 
tions: 

(m) L Xo V = -L ! : V. 

(n) L Xo n = -L ! : n. 

(o) (9*£ = 9X . 
(p) L Xo s = L(: S. 

Corollary 3.6. If the pair (A, A*) is a Lie bialgebroid, then A is a derivation of 
the Gerstenhaber algebra A A: 

A(u Av) = Au Av + u A Av; (28) 
A[u, v] = [Au, v] + [u, Av] (29) 

for all u,v G T(AA). 

Example 3.7. There is an important example of the preceding construction in 
Poisson geometry, which we shall now examine. Let P be a Poisson manifold with 
Poisson tensor ir. For the more general twisted Poisson manifolds, one may consult 
[2Tj . The cotangent bundle T*P carries a natural Lie algebroid structure, called the 
cotangent Lie algebroid of the Poisson manifold (P,n) [6]. Its anchor is the bundle 
map 7r" : T*P —> TP and its Lie bracket is given by 

[«> 0\ v = L 7T«{a)P ~ L 7r«(p) a ~ d{n{a, 13)) = L^ {a) (3 - t^^da. 
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for any two 1-forms a and (3 on P. Moreover, the pair (TP, T*P) is a Lie bialge- 
broid. The differential ci* corresponding to the Lie algebroid structure on T*P is 
the operator 

d n = [n, ]:X k (P)^X k+1 (P) 

first introduced by Lichnerowicz to define Poisson cohomology [26] . 

Koszul |25j and Brylinski [2] defined the Poisson homology operator 6V : Q k (P) — > 
n fc-1 (P) as 

9 n = [br,d\ = in ° d — d o L n . 

This boundary operator is intimately related to the modular class of the Poisson 
manifold introduced independently by Weinstein [35] and by Brylinski & Zuckerman 
[3]. Let us briefly recall its definition. The modular vector field of P with respect to 
a volume form f2 € Q top (P) is the derivation Xq of the algebra of functions C°°(P) 
characterized by 

L nHdf) n = x n (f)n. (30) 

It is proved in |10] that the modular cocycle Xq of the cotangent Lie algebroid 
T*P is equal to 2Xq. Moreover, it is shown in [171135] that Xq, = dir, where 
d : T(A k TP) — > F(A k ~ 1 TP) is the operator which generates the Schouten bracket 
on X'(P) and is defined by 

du = odo Vu e r(A fc TM). 

Similarly, the operator <9* : Q k (P) — ► Q, k ~ 1 (P) defined by 

8,(13) = (-l)"-*- 1 ^ o d n o (^^(P), V/3 6 n k (P) 
generates the Lie bracket on Q(P). 

The operators d n and d* are related in the following way [36J : 

<9* = d n + ix n ■ 



The Laplacian operators are thus 

A* = dd* + d*d = dd n + d n d + dtx n + t<x n d = L X(l = \L 2 x n ■ 

and 

A = d*d + dd* = d n d + dd n = [it, d( )] + d[ir, } = [dir, ] = L Xn = \L 2 x n - 
Since the modular cocycle £o of the Lie algebroid TP is always zero, the above 



conclusions are in agreement with (e ) and \(f)\ of Theorem 13,41 

Since here A = TP and A* = T*P, we have = A top T*P and it is left to the 
reader to check that the operators d* and d defined in (fTUI) and (fT5l) are given by 

d*(a <g) Q) = ([it, a] + Xq A a) ® Q, 
9(atg)0) = -da <g> O, 

for all a € F(ATP). 
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Exchanging the roles of A and A* , the line bundle Jz? is now the trivial line bundle 
over P and the operators d and d* are given by 

d(a ® 1) = da ® 1, 
<9*(a (8) 1) = -d n a <g> 1, 

where a G T(AT*P). 

We will see in Section [6] that the squares of both Dirac generating operators D = 
d* + d and = d + <9* are zero. 

It is well known [30] that, if a and a* denote the anchor maps of a Lie bialgebroid 
(A, A*), the bundle map 

J = a o (o»)* :T*M^TM 
defines a Poisson structure on the base manifold M. 

Corollary 3.8. Lei M 6e an orientable manifold with volume form s G f2 top (M) 
and Zei (A, A*) be a Lie bialgebroid over M with associated Poisson bivector ir. Then 
the modular vector field of the Poisson manifold (M, ir) with respect to s is 

X s = l(a*(£ )-a(X )). (31) 

Proof. By definition of £o> 

L d , f (s ®V) = (Co\dJ)s ® V = (LtJ)s ®V V/ G C°°(M). 

Since 

a(dj) = a o (a*)*(d DR /) = 7r»(d DR /) V/ € C°°(M), 

we get 

= 4^/)* = ^( dDR /)S = s V/ G C°°(M), 

where we have used the definition (|30|) of the modular class of a Poisson manifold. 
On the other hand, it follows from Theorem 13.41 that 

L d , f V = d(d*f)V = (Af)V = \{L X J + L io f)V V/ G C°°(M). 

Hence, we obtain 

(L & /)a ® F = X s (/)s ® V + \{L X J + hJ)s ® V, 

which completes the proof. □ 

4 Technicalities 

The following objects play a crucial role in the proof of Theorem 13.41 

• the sections A(u Ad) = Au Av + uA Av, where u, v G r(A.A); 

• the sections d*[u, v] = [d*u, v] — (— l) fc [u, d*v], where u G T{A k A) and v G 
r(AU); 
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• the operators L uod - [L u , L e ] : F(A*) -> F(A*), where u G F(A) and 6 €F(A*)\ 

• the functions A*(6\u) - (A*0\u) - (9\Au), where u G T(yl) and 9 G 

• the operators L dtf + L d/ : F(hA) -> T(A^), where / 6 C°°(M); 

• the operators A - |(Lx () + : r(Avl) -> T(AA). 

In this section, we will establish a bunch of key relations between them. The proof 
of Theorem 13.41 and Corollary 13.51 is deferred to Section [5j 

Throughout this section, A is a smooth vector bundle of rank n over a smooth 
manifold M of dimension m such that A and its dual A* both carry a Lie algebroid 
structure with anchor maps a : A — ► TM and a* : A* — > TM, brackets on sections 
F(A)® m F(A) ^F(A) :u®v^ [u,v] and F(A*) ® R F(A*) -» r(A*) :<9®77^ [0,7?],, 
and differentials d : T(AM*) -> r(A ,+1 A*) and : T(AM) -> F(A' +1 A). The 
vector bundle A A* — > M is endowed with the pseudo-metric ([7]) and the Dorfman 
bracket ©. 

Moreover, we assume there exists a nowhere vanishing section Q G r(A n j4*). And 
we let V G r(A n A) be the section dual to fi: (fi|V) = 1. These induce two bundle 
isomorphisms J)" and V" as in (| 16j) and (I17p . The operators 5, c\, A and A* are 
defined as earlier by the relations (f20|) to ([25]) . 

From (J8j) , it follows that 

uo 9 = —lqoI*u + L u 9 and 9 o u = Lqu — L u d9, 
for all u G r(A) and 9 G r(A*). 

From now on, we fix a volume form s of M, a nowhere vanishing section £1 6 r(A n A*) 
and its dual V G T(A n A). The modular cocycle of the Lie algebroid A* (resp. A) is 
the unique section X £ r(A) (resp. £ G r(A*)) satisfying (J2BJ) (resp. (f27jl ). 

4.1 Some ubiquitous lemmata 

Lemma 4.1. For a// u G r(A) and 6* G T(A*), one has: 



L u £l 



-{du)n 



L U V = {du)V, 
L B V = -{dJ)V. 



(32) 
(33) 



Proof. By (Il8j) . 

u = (-l^-^n'Cu) 
where £ = (-l)"- 1 ^^) G r(A n - 1 A*). Since 



it follows from the definition of 5 that 



{du)n = n s (du) = (-l) n OM(d£) 



And the second equality in ()32f) follows immediately from 



o = l u (n\v) = (L u n\v) + (n\L u v) . 



Finally, the symmetry in the exchange of A and A* implies (|33p . 



□ 



13 



Notation. In the sequel, L V A ® B means (L V A) (g) B rather than L V (A ® B). 
Lemma 4.2. For a// u G T(j4) and 6 1 € one /ias: 

L u <g> V = -0 ® L U V, (34) 

L e ft ® V = -O ® L e F, (35) 

L u <8> L e F = L e <g> L U V, (36) 

LqL u Q <g> V + ® L e L u F = -2L u fi ® L e K (37) 

Proof. Equations (|34p . (|35p and (|36j) follow directly from Lemma l4.1i Applying L# 

to both sides of Equation (f34"|) and making use of ([36j) , we get ([37]) . □ 



Lemma 4.3. For all 8 G T(A*) and u G r(.A), we Ziaue 

dig + t e d = L de and d*L u + i u d* = i d>tU . (38) 

Proo/. Given x G r(A fc ^4), there exists a; G r(A n ~ fc A*) such that x = V^(u). Ap- 
plying d to both sides of 

i x = 6 j (wj V) = (w A 0) j y = A 0), 

we obtain 

d( i0X ) = (-l) n - fc 1/»d(w A 9) = (-\) n - k V\doJ A9+ (-l) n ~ k uj A dff) 

= (-l) n ~ fe 0j (duA V) + d0j (V^u) = d6jx- 6j dx. □ 

4.2 Key relations 

Proposition 4.4. For any x G F(A k A) and y G T(A l A), one has 

A(x Ay)- (Ax) A y - x A (Ay) = (-l) fc (d* [x, y] - [d*x, y] + (-l) k [x, d*y}). 

In particular, for all f,g G C°°(M) and u,v € F(A), one has 

A(fg) - fAg - gAf = -[d*f, g] + [/, d,g]; (39) 
A(fu) - fAu - (Af)u = d*[f,u] - [d*f,u] + [f,d*u]; (40) 
A(n A v ) — (An) A u — n A (An) = <i*[n, n] — [d*n, v] — [u, d*v]. 

The Laplacian A* enjoys similar properties: 

A*(fg)-fA*g-gA*f = -W,g]* + [f,dg]*, (41) 
A,(/0) - fAJ - A*/ = d[f, 9], - [df, 6}* + [/, d9l. 
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Proof. Using the relations (123j) and (|24p . we find 

d*[x,y] - [d*x,y] + {-l) k [x,d*y] 

= {-l) k d*{d{x Ay)- {dx) Ay- {-l) k x A (dy)) 

+ {-l) k {d{d,x Ay) - (dd*x) Ay + {-ifd^x A {dy)) 
+ (d{x A d*y) - {dx) A d*y - {-l) k x A {dd*y)) 

={-l) k {d*d{x Ay)- (d*dx) Ay + {-l) k {dx) A d*y 

- {-ifd^x A {dy) -xA (d*dy)) 

+ {-l) k {dd*{x Ay)- (dd^x) Ay + {-l) k d*x A {dy)) 

- {dx) A d*y - {-l) k x A {dd*y) 

={—l) k {A{x Ay) — {Ax) Ay — x A (Ay)). □ 

Proposition 4.5. For all u G T(A) and 9 G T{A*), we have 

(d*[f,u] - [dj,u] + \f,d*u]\6) = - {{L dtf + L df )u\9) = {[L u , Lq] - L uoe )f, (42) 
(u\d[f,e]* - [df,6]* + [f,d9]*) = - {u\{L d , f + L df )9) = {[L e ,L u ] - L 6ou )f. (43) 

Proof. On the one hand, we have 

{[L u , Lq] - L uo g)f 

=L U (d*f\0) - L e (u\df) - (d*f\L u 6) + (d*u\6 A df) 
= (L u (d*f)\9) - L e (u\df) - (d*u\df A 9) 

= (L u (d*f)\6) - a*{9) (u\df) - a*{df) H#) + o*W Wf) + (u\[df, 0],) 
= -{(L dtf + L df )u\9). 

And on the other hand, since 

(L df d*u\e) = (d*u\(df) AO) = L df (u\6) - L e (u\df) - (u\[df, 9]) , 

we have 

(d*[f,u] - [d*f,u] + [f,d*u]\6) 
= -L e (u\df) + (e\[u, dj]) - ({df, d*)u\9) 
= - (9\(L dtf + L df )u) . □ 

Proposition 4.6. 

{L uo9 - [L u , L e ])n <g> V = (2 (d*u\d9) - {{Au\9) + (u\A*9) - A* {u\0)))il ® V. 

We need the following lemma. 
Lemma 4.7. For all u G T{A) and 9 G T(A*) ; 
(Au\9) n ® F = (d*u|d0) !]®y + L tfld , u n ® V - LqL u Q ® V - L u O ® L U. (44) 

Proof. By Lemma |4.3|. one has 

(dd*u\9) = (d*u\d9) - d^gd^u). 
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Therefore 

(Au\6) = (dd^u + d*du\9) = (d*u\d9) — d(igd^u) + Lg(du). 

On the other hand, applying Lg to both sides of (du)Q ® V = ® L U V (see Equa- 
tion (|32p ). we obtain 

L e (du)Q <g V + (du)L e n ® V + <g L F = L f2 ® L U V + fi ® L e L u V. 

Applying Equation ([32]) again, and then Equation (J3TJ) , we get 

L e (du)Q. g V = Q g L e L u V + L U Q, ® L e y = -£ u (8) - L e L u Q, ® V. 

So we have 

(Au|#) n ® y = (d*u|d0) d(i e d*u)n ® y + L e (du)Q ® y 

= (d*u\d9) n®V + L, edfU n ® V - L u fi ® L y - L e L u fi ® V. □ 

Proof of Proposition \4-6[ By the symmetry in the exchange of ^4 and A* in Lemma l4.7[ 

we get 

<it| A*0) 1]®7= (d»«|dfl) (g y + n ® L^dflV - ® L u LgV - L u n ® L e V. (45) 

Adding (j33J) to ([4"5]) and making use of ([3?]) to simplify, we obtain: 

((Au|0) + (u|A*0»fi ® V 
= 2 (d*u\d0) n ® V + (g I^V + £ t9 d„„0 <8> V + (g L e L u V - tt ® L u L e y 
= 2 (d*u|d0) li»V + 0® I^V - <8> + ® [I*, I U ]V. 

We also notice that, by ([33]) . 

(a* <g v = {d*di u 9)n ® v = ® l^f. 

So, the subtraction of the last two equations above yields 

«Au|0) + (u|A«0) - A* (u\9))n ® V 
= 2 (d*u|d0) ft ® F + ft (L uoe - [L u ,L e ])y 

= 2 (d*u|d0) ft ® y - (L uoe - [L u , L ])ft ® 7 (by ([34]), (|35l) and ® ), 
as required. □ 
Proposition 4.8. If 

A, (u\9) = (Au\9) + (u\A*6) , (46) 
/io/ds for all u G r(A) and G T(A*), t/ien for any f G C°°(M), 

L d,f + L d f = as a mapT(AA) -^T(AA). 
Together with ([32]) and ([33]) . this implies that 

(A/)n = (d*df)n = L df n = -L dff n = (ddj)n = (A*/)ft, 

i.e. Af = A*/ for all / G C°°(M). Therefore, (06]) is equivalent to 

A(u|0) = (Au\9) + (u|A*0> . 
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Proof of Proposition \4-S[ By (141j) , we have 

A* (u\fO) = A*(/ = (A*/) <u|0) + /A, - [df, (u\Q)}* + [/, d (u\9)]* 

= (A J) (u\0) + /A, <«|0) - (L^ + L df ) (u\6) . 

On the other hand, by (|4.2|) and Proposition 14. 51 we have 

(Au\f9) + <u[A*(/0)} 
= (A,/) + / (u| A*0) + / (Au|0) + (u\d[f, 0], - [df, 9], + [f, d9}*) 
= (A*/) (u\9) + / (u\A,8) + f (Au\9) - (u\(L dtf + L df )9) . 

So, if (|46p holds for arbitrary u and 9, then 

(L^/ + L d/ ) (u\9) = (u\(L dtf + L df )9) . 

The conclusion follows immediately. □ 

Proposition 4.9. For any f G C°°(M), 

(2Af -{L Xo +L^)m®s®V 

= n ® s ® + - n ® + L dtf )s ® V. (47) 

Proof. The proof is a direct calculation: 

{2Af -{L XQ +L^)m®s®V 
= {2ddJ-(X \df)-(d*f\£o})n®s®V 
= 29, ® s ® Ld./V - L rf/ (0 ® s) ® y - ® ^d»/(s ® V) 
= O ® s ® ^d./V - J] ® (L# + L dt f)s ®V - L df n ® s ® V. 



The result follows from (|35l) . □ 
Proposition 4.10. 

{2Au - (L Xo + Li )u\9) 9 <g> s ® V = 2 (d*u\d9) n®s®V 

+ ([L u , Lg] - L uo6 )n ®s®V + n® ([L u , L e ] - L uo9 )s <g> V. (48) 

We will need two lemmas. 

Lemma 4.11. For all u G T(A) and 9 G T(A*), 
(tt|<£ ) n ® L (s ® V) - (X \9) L U (U ®s)®V 

= 2(n ® Lgs ® L u y - L e n ® l u s ® v). (49) 

Proof. We notice that 

= (u[f ) (fi ® l s ® y + n <g> s ® L e y) 

= (ti|^o) (n®L«s07 - ® s ® 

= (ti|^o) (X o |0)fi®s® V - 2L e n ® L u (s ® V) (by definition of £ ) 
= {u\£, ) (X \9) 9 ® s ® F - 2L £1 ® L u s ® V - 2L e n ® s ® L U F. 
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For the same reasons we have 

(x Q \9) L u (n ®s)®y = (u|f„) (x \e)n®s®v-2n® l 9 s ® l u v 

- 2L e Q ® s ® L U V. 

The subtraction of these two equalities yields the result. □ 
Lemma 4.12. For all u G Y(A) and 6 G T(A*), 

((Lx Q + L^)u\e)n(s>s®v 

= L LgdtU Q ® s ® F + L Ltt0 fi ® s (8) F - -L u L e fi ®s®V - L e L u Q ®s®V 

- 2L u n ® s ® L e F + O <g> (L uo g - [L u , L e ])s ® V. (50) 

Proof. Applying L M to both sides of (Xo|0) ® s = Lg(Q ® s), we get 

([u,X o ]|0)n®s =L u L e (ft®s) - (X o |0) L u (0®s) - (X \L u 0)Sl®s 
=L u LqVl ® s + LqVL ® L u s + L u n ® Lgs + f2 ® L u Lgs 
- (X \6) L u n 0s- (X o \0) n®L u s- L Lud (n ® s). 

By the symmetry in the exchange of A and ^4*, we get 

(-"I [6, Co]*) s ® V =L e L u s ®V + L e s® L U V + L u s ® L e F + s ® L g L u V 
- (Co|n) s ® L e F - (Coin) L e s ® F - L Leti (s ® V). 

Therefore, one has 

((L Xo +L£ )u\Q)Q® s® F 
= (- ([«, X o ]|0) + (Cold* H#» + ®s®V 

= n ® L^ (u | e) (s ® y) - L„L e ^ ®s®y + o®s® LqL u v 

+0 ® ([L e , LJ + L Lu e - L LflM )s ® V — L e fi ® L u s ® V + ® L M s ® L e F 
-L U Q ® L e s ® V + ® L e s ® - H&) ^ ® Lg(s ® V) 
+ (X o |0) L u (0 ® s) ® V + L Lue O ®s®y-fi®s® L Le «y 
= -L u L e Q ®s®y + Sl®s® L e L u V - Hfo) ^ ® £#(s ® V) 
+ (X o |0) L u (fi ® s) ® V + 2(0 ® L s ® L u y - L S1 ® L u s ® V) 
+tt ® ([L e , L.J + L Moe )s ® y + L Lu0 O ® s ® y + L LgdtU tt ®s®V. 

Then (|50p follows immediately from (I37p and (1490 . □ 
Proof of Proposition \4-10{ This is a direct consequence of (|44j) and (|50j) . □ 

5 Proof of the main theorem 

Lemma 5.1. If (A, A*) is a Lie bialgebroid, then 

{X\(L uo8 - [L u ,L e ])0 = (i^u\i X d9} , 
for allu,X G T(A) and £,6 G r(A*). 
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Proof. Prom the definition of the Dorfman bracket, it follows that 

(X\L W = 2 (X, L W & = 2 (X, W o £) , 
for any G r(A © A*). Hence we get 

(X\L u L e t) = 2{X,uo(9o£)) 

and 

(X\L e L u £) =2(X,6 O (L u 0) 

=2(L e (X,L u 0-(6oX,L u 0) 

=2{L e {X, u o f) - (0 o X, u o f ) - (0 o X, 

=2 (X, o ( u o f )) + (tfd.ultxdfl) . 

Subtracting (j5Tj) from ([52]) yields the result. 



(51) 



(52) 



□ 



Proof of Theorem \3.4\ Step 1 : We start by proving that (a ) implies (i) 



Because of @2J, for all / G C°°(M) and a G r(A*), one has 
(L uo(? - [L u ,L e ])(/a) = {d*[f,u] - [d*f,u] + a + f{L uo6 - [L u ,L e ])(a). 



Therefore, (a) implies that L uo g — [L u ,Lq] is a C°°(M)-lmear endomorphism of 

f(aa*). 

Let {Xi, ■ ■ ■ , X n } be a local basis of T(A) and let {£,••• , £ n } be the dual basis of 
T(A*). Then it follows from Lemma 15. II that 

n 

tr{L uoe - [L u ,L e ]) = ^2(Xi\(L uoe - [L u ,L e ])C) = (t^u^dA) =2(d*u\d0). 
i=i 

Step 2: We prove that all assertions of the second group are equivalent. 



(g) 44> |(h) | First note that the equivalence of (g) and |(h)| was already shown 



to be a consequence of Proposition 14,8 



Assuming (g) holds, the Propositions 14.8 1 and 14.51 imply that 
(L uoe - [L u , L e ])f = 0, V/ G C°°(M). 



Thus the map L uo9 - [L u ,L e ] : F(A*) -> T(A*) is C°° (M)-linear and it makes 
sense to speak of its trace, which is equal to 2 (d*u\d9) by Proposition 14.61 



This proves (i) 



(i) =4> |(k)| First, the assumption that L uo q — [L u , L$] is C°°(M)-linear implies 

(53) 



that 



(L uo9 - [L u , L g ])f = 0, V/ G C°°(M). 
Then, by (|4"2"]l . we have 

Ld,f + Ldf = 0, as a map Y{AA) -> F(AA) 



(54) 
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and the first term of the r.h.s. of (I47j) vanishes. Moreover, the second term of 
the r.h.s. of (|47p is also zero. Indeed, the expression s = g dx\ A • • • A dx n of s 
in local coordinates leads to 

(L df + L djrf )s = (£ a ,(d/)+a(d,/)f) dxi A • • • A dx n 

n 

+ g^2 dx\ A • • • A d{L a ^ df ) +a ^ f )Xi) A • • • A dx„, 
j=i 



whose r.h.s. must vanish since (|54p implies that 

(L df + L dff )g = L at{df)+a{dtf) g = 0, \/g G C°°(M). 
Therefore, the l.h.s. of (|47p is zero, i.e. 

Af = ±(L Xo + L (o )f, V/GC°°(M). 
On the other hand, it follows from Proposition 14.101 that 
An = \{L Xo + L (o )u, Vu G T(A). 
Indeed, the first two terms of the r.h.s. of (|48j) cancel out since 

tv(L uod - [L u , L e ]) = 2 (d*u\d6) , 
and the last term of the r.h.s. of (|48p is zero as a consequence of (|53[) . This 



proves |(k)| The same argument shows that (j ) implies (1) 



|(k)| =4> [(g)] Finally, it is clear that |(k)| (resp. (1)) implies (g) (resp. |(h)[ ). 



Step 3: We prove that all assertions of the Erst group are equivalent. 

Hence, it follows 



The equivalence of |(a)| and |(b)| is a well known fact 
directly from Proposition 14.41 that |(a) (b) (c) and (d) are all equivalent. Finally, 
since |(c)| 4^ |(a)| =4> [(7)1 \(k)\ we get that |(c)| implies (e) The converse implication 

is equivalent to |(f)| □ 



is trivial. A similar argument shows that |(d) 



Proof of Corollary Taking a = 1 G C°°(M) in flU}, we clearly see that dV = 0. 
Moreover, d*V = since V is of top degree. Thus 

AV = dd*V + d*dV = 0, 



and by (e) of Theorem 13.41 we get (L Xo + L^ )V = 0. This proves (m) A similar 
argument yields (n) Now (o) follows from (m) and the equalities of Lemma 14.11 

(dX )V = L Xo V = -L^V = (d^ )v. 

To prove |(p)[ we observe that 



(x \(, )n ® s (g> v 



L Xo (s®V) 
Q <g> L Xo s <g> V + U ® s ® L Xq V 
Q ® L Xo s <g) V - L Xo Q ® s <g> V 
O (g) L Xo s ® F + L ?0 O <g) V 
O ® (L Xo - ^ ) s ® ^ + L «o(^ ® s ) ® V" 

n <g> (L Xo - L & )s ® V + (A |^o)^ ® s <g> y 



forces (Lx ~~ -^£o) s ^° ^ e zer0 - 



□ 



20 



Proof of Corollary \3.(k Equation f)28|) is obvious since (a) is equivalent to (c) in 
Theorem 13.41 It is not hard to establish the following identities: 

L 6 [u,v] - [L^u,v] - [u,L^v] = L^ v d*u - L {d ^ u v, 
for all u,v G T(A), £ G T(A*) and / G C°°(M). Since d£ = 0, ([29]) follows 



immediately from the implication (a) => (e) in Theorem 13.41 □ 



Proof of Theorem \3.1[ Let Q, s and V be top forms as earlier. One can assume 
they exist since they always exist locally and the problem is indeed local. A direct 
calculation shows that, for any u G r(A^4), 

D 2 u = (\{L Xo +L^)-A)u + \{\^ Q \X Q )-dX Q )u. (55) 



If (A, A*) is a Lie bialgebroid, (e) of Theorem 13.41 together with (|55p above implies 
that D 2 is the multiplication by the function / = ^(^(S,q\Xq) — OXq). 

Conversely, if D 2 is the multiplication by some function /, ([55]) implies that the 
operator A — \{L Xo + L^ ) is the multiplication by the function 

g:=i(^ \X )-dX )-f. 

From (BSD, it follows that 



Finally, note that the function / = |(^(£;o|Ao) — 8Xq) is independent of the order 



g = (A - \{L Xo + L ?0 ))(l) = (A - \{L Xo + L & ))(1 • 1) 
= 1 • (A - \(L X) + (1) + (A - i(L Xo + (1) • 1 + [1, 41] - [41, 1] 

= 2(A-i(L Xo +^ ))(l) = 2 5 . 

Hence g = 0, A = |(Lx + an ^' by Theorem 13.41 the pair (A, A*) is a Lie 
bialgebroid. 

unction / = 1 

of the pair (A, A*), i.e. 

!(!<£o|*o) - dX ) = |(|(&|^o) - d*£o), 

where 

£ 2 = KKeol^o) - dX ) and .D 2 = Kl(^ol^o) - d^ Q ). 
Indeed, Corollary 13.51 asserts that <9*£o = 9Xq. □ 

In [19], Kosmann-Schwarzbach proved that D is a deriving operator of the Courant 
algebroid A® A*. As a consequence, D is indeed a Dirac generating operator. This 
is Corollary 13.21 which is proved below using an argument similar to that in |19j . 

Proof of Corollary \EM By Theorem EJ] we know that D 2 G C°°(M). Thus, to 
prove that 

b = d* + 8 = d*-d + %{Xo + £ ) 



is a Dirac generating operator, we only need to check that it satisfies conditions (a) 
and |(b)| of Definition [2? 
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For all u G F(A), 9 G r(A*) and u G T(A^), one has: 



[d*, /](«) = d*/ A u, [#>/](«) = ~UfV, 

[<i*, = d*n A Uj [9, = —L u v + du A v, 

[d*,0](v) = L e v, [d,0](v) = t de v. 

On the left hand side, the three equalities are trivialities while, on the right hand 
side, the first two equalities are immediate consequences of (|23|) and the third is 
exactly ([38]) . 

A straightforward computation based on the six relations above leads to 

[d*-d,f](v) = (dj + df)-v 

and 

[[d* - 8, Ml + 0l], U2 + 2 ](v) = ((«i + 0i) o (u 2 + 2 )) • u, 

where • denotes the Clifford action of F(A © A*) on F(AA) and o is the bracket on 
T(A®A*) defined by ©. 

On the other hand, it is obvious that 

[e,/]=0 and [[e, e x ], e 2 ] = 0, 

for all e, ei,e2 G r(A © A*) and thus, in particular, for e = \{Xq + £o)- This 
completes the proof. □ 

Proof of Proposition \3.3l While proving Theorem I3.1|, we obtained 

f = l(l(£ \X Q )-dX ). 



Therefore, (a) follows from 



L Xo (tt © s) © V =tt © L Xq s © V + Lx O © s © 1/ 
=0 © Lx s © V - U © s © Lx ^ 
=0 © Lx (s ® - 20 © s © L Xo F 
= ((£o|*o) -2dX )n®s®V. 

The argument for |(b)| is similar. □ 



6 Examples 

6.1 Exact Lie bialgebroids 

Let us briefly recall the notion of an exact Lie bialgebroid [28] (see also PS]). Let 
A be a Lie algebroid with bracket [, ] on r(A) and anchor map a : A —* TM. Given 
A G F(A 2 A) satisfying [[A, A],X] = for all X G F{A), the bracket 

[£>#]a = L AH0® ~ L A-H8)£ ~ d(A(£,0)) = L A»(t)& ~ L A»(e)d£, 

on F(A*) and the anchor map a* = a o A", make A* a Lie algebroid. The pair of Lie 
algebroid structures on A and A* fits into a Lie bialgebroid (A, A*), which is known 



22 



as an exact Lie bialgebroid. If [A, A] = 0, then (A, A) is called a Lie algebroid with 
a Poisson structure and (A, A*) is called a triangular Lie bialgebroid. 

Let be a nowhere zero section of T(A top A*). We will need the following formula: 
d*0 = -dh\6) + 2{K\d6), M6eT{A*). (56) 
In fact, a simple computation yields that 

L e n = {6, n] A = L AS{e) n + 2(A[d0)n. 

Then (|56|) follows from Lemma 14,11 

An explicit expression of the modular cocycle Xq of A* was first obtained in [23] 
(see also HHHB]). 

Lemma 6.1 ([24"]). Assume that (^4,^4*) is an exact Lie bialgebroid as above and £0 
is the modular cocycle of A, then the modular cocycle of A* is 

X = 2dA-A«(£ ). 

Proposition 6.2. If (A, A*) is an exact Lie bialgebroid, then D 1 = 0. 

Proof. From the proof of Theorem 13. 11 we know that D 2 = f = \{\(£,q\Xq) — 8Xq). 
Then by Lemma |6. 11 

±<£o|*o> - 0X = (£„|0A> - ±£ A«(£ ) + dA«(£ ) - 2d 2 A 

= ig 9A + di£ A = fcdgoA, ( by Lemma 14, 3p , 

Since ^0 is a cocycle, the result is zero. □ 

Remark 6.3. In the case of triangular Lie bialgebroids, the above result was due 
to Kosmann-Schwarzbach \19\ Theorem 3.3]. For the Lie bialgebroid (TM,T*M) 
associated to a Poisson manifold, this was due to Koszul [25]. In [19], Kosmann- 
Schwarzbach also explained the connection with pp. 

6.2 Poisson Nijenhuis Lie algebroids 

We recall some basic facts about Poisson-Nijenhuis Lie algebroids (in short, PN- 
algebroids). Nijenhuis operators and PN-structures are discussed in detail in [T2 1 I20 1 
[23] . The modular classes of PN-manifolds were studied in [8lll81l22] . The extension 
of the modular classes to PN-Lie algebroids was carried out by Caseiro [I]. 

In what follows, we consider PN-Lie algebroid (A,N,A), where (A, [ , ],a) is a Lie 
algebroid over M, N : A — > A is a Nijenhuis operator and A € r(A 2 ^4) is a Poisson 
structure on A. 

The Nijenhuis operator and the Poisson bivector A are compatible in the following 
sense: 

A t N * = NA i and &e] NA =([t,0] A ) N ., ^,0GT(A*). 

Here [ , ] NA is the Lie bracket defined by the bivector field A^A £ T(A 2 A) associated 
to the bundle map A^A", and ([ , ]^)at* is the Lie bracket obtained from the Lie 
bracket [ , ] A by deformation along the Nijenhuis tensor A^*. 
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The compatibility of A and N implies that the bivectors associated to the bundle 
maps A k = N k oA' {k £ N) are Poisson bivectors and the triples (A, A k , N l ) (with 
k, I 6 N) are PN-Lie algebroids. Let us denote the deformation of the Lie algebroid 
A along N l by A[, and the Lie algebroid induced by the Poisson bivector A^ by A k . 
It was proved that all pairs (Ai, A* k ) are Lie bialgebroids and we have the following 
fact. 

Lemma 6.4 ([H[8j[T8]). Let £o be the modular cocycle of A. Then the modular 
cocycle of A\ is given by 

6 = d(triV<) + (iV*)'£o, (57) 

and one has the identity: 

iV0A{_i - dAi = ^A^ditvN 1 )). 
According to Lemma 16. 11 we also know that the modular cocycle of At is given by 



k 

X k = 2dk k -k\(t Q ). (58) 



Proposition 6.5. For the Lie bialgebroid (Ai, At), D = 0. 

Proof. Note that N l : A t -> A is a morphism of Lie algebroids and hence (A/"*) (£o) 
is a 1-cocycle in A*[: 

d(N*) l (Z ) = (N*) l (dto) = 0. 
Here Aq is A. Thus by Lemma 14.31 one nas 

L (N*y^ ) d = - dL (N*y(t y ( 59 ) 

For the same reason, 

L dtrN l d = -dt dtrN i. (60) 
From (1560 . we know that the boundary operator d* : T{A* k ) — > C°°(M) is given by: 

d*e = -dk\{e) + 2{A k \M), ye e r(A* k ). 

Hence by ([58]) and ([57]) . one has 

!<6l*fc) - =l(d(tvN l ) + (N*)%\2dA k - A«(&)) 

+ dAl(d(tvN l ) + (AT*)^o) + 2(A fc |d(AT*)^o) 

+ i(A»(dtriV z )|eo)-|(Co|Al +/ eo). 
By (|59[) and (|60p . and using the fact that Ajj, +; is skewsymmetric, we get 

\mx k )-d^ 

=\{A\{dtrN l m 

= -l(At(dtrN l )\(N*)%) 

=l(NdM-i ~ dA^N^Co (by (JED 

=/(t(7v*)fe+i 5o (?A/-i - t(jv*)k£ dAj) 

= - l(dt,( N *}k+i£ Q Ai-i - dL( N .)k£ Ai) (by ([59])) 

= - Kdi^k+i^Ai - di( N ^k+i£ Ai) (by ([521)) 

=0. □ 
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6.3 a + b Lie bialgebras 

We finally show an example with D 2 ^ 0. Let g be a 2-dimensional real vector space 
with base {x±,x 2 } and let {2/1,1/2} be the dual base of g*. Let g be the a + b Lie 
algebra and let g* be the c + d Lie algebra, i.e., 

[xi,x 2 ] = axi + bx 2 ; [rfiV 2 ]* = CV 1 + drj 2 . 

Here a, b, c and d are arbitrary real numbers. It is easily checked that both g and g* 
are Lie algebras and the pair (g,g*) is a Lie bialgebra. 

Since the modular cocycle £0 £ g* of g is given by £,o{x) = tr(ad x ) for all x € g, 
one gets £0 = br] 1 + arj 2 . Similarly, the modular cocycle Xq of g* is given by Xq = 
dx\ + cx 2 . Now by Proposition 13.31 we have 

4/ = (Af{x x A x 2 )W A rj 2 ) = {L io (xi A x 2 )W A r] 2 ) 

= -{xi A x 2 \L^ (rj 1 Arj 2 )) = -(bd + ac). 
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